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MacWilliams proved that two linear codes are equivalent up to monomial trans- 
formations if and only if there is a weight-preserving linear isomorphism between 
them. We present a new proof based on the linear independence of group charac- 
ters. We also present a new proof of a theorem of Bonisoli characterizing constant 
weight codes. © 1996 Academic Press. Inc. 
In her 1962 Harvard dissertation, MacWilliams [4]  proved that two 
linear codes of block length 11 are equivalent up to monomial transforma- 
tions if and only if there is an abstract linear isomorphism between them 
which preserves weights. In 1978, Bogart, Goldberg, and Gordon provided 
another proof [ 1 ]. In this paper we present a proof based on the linear 
independence of group characters. The groups in question are the additive 
groups of the linear codes, i.e., additive groups of finite dimensional vector 
spaces over finite fields. 
We fix a finite field K, with char K=p. A linear code of dimension k and 
block length n is a k-dimensional K-linear subspace C of the n-dimensional 
vector space K" over K. 
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NOTE 349  
The (Hamming) weight wt(x) of an n-tuple x = (xl,  x2 ..... x,)  ~ K" is the 
number of nonzero entries in x. That is, wt(x) = [{i: x,.4=0} [.
A K-linear transformation T: K"~K"  is a monomial transformation 
if there exists a permutation g of {1, 2 ..... n} and nonzero elements 
l ' l ,  15"2 . . . . .  ~n of K such that 
T(Xl, x,_ ..... x,,) = (rlX~l), ~2x~2) ..... %x~m), 
for all (X l ,  ..., x,,)sK". Said another way, T is monomial if the matrix 
representing T has exactly one nonzero entry in each row and column. 
(r; appears in position (a(i), i).) A monomial transformation T is invertible, 
and T - ~ is itself monomial. The reader will verify that 
- I  T-l(Xl  ..... X,,) = ('C~-2,~l~X~-,~ i ), ..., ~:~-,,,)x~-,i,,). 
Two linear codes C~, C2 in K" are equivalent if there exists a monomial 
transformation T:K"~K"  taking C~ to C2; i.e., T(C~)=C2. Since com- 
posites and inverses of monomial transformations are themselves 
monomial, it is easy to see that this notion of equivalence is an equivalence 
relation on linear codes in K". 
THEOREM 1 (MacWilliams). Two linear codes C~, C 2 of dimension k in 
K" are equivalent if and only if there exists an abstract K-linear isomorphism 
f: C1 ---" C2 which preserves weights, wt(f(x))  = wt(x), for all x ~ Cl. 
Since monomial transformations preserve weight, the "only if" portion of 
the theorem is clear. Before proving the "if" portion of the theorem, we 
recall some basic facts about characters and finite fields. The reader is 
referred to [3, 5 ] for whatever proofs we do not provide. 
If (G, + ) is a finite abelian group, a character on G is a homomorphism 
~: (G, +)--* (C ×,. ), where the latter is the multiplicative group of nonzero 
complex numbers. The set of all characters on G forms another finite 
abelian group (~, with 1(~1 = [G[. 
If G = K, our finite field, then /~ has the structure of a K-vector space, 
with scalar multiplication written as 7r"(x)= z~(ax), a, x~K. As ]R[ = [K[, 
/( has dimension 1 over K, and any nontrivial character forms a basis for 
R. For example, if ~ ~ C is a primitive pth root of unity (p = char K), then 
exp x = ~tr.,-, x ~ K, 
is a nontrivial character on K. (Here tr: K~ UZp is the trace function from 
K to its "prime subfield ~:p.) Any other character on K has the form 
exp ax = ~tr,,.,- for some a s K. 
If G = V, a k-dimensional vector space over the finite field K, l~hen there 
is an isomorphism V~-~ l~ from the K-dual space V ~ of V to the character 
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space 1~. Indeed, /l v--, exp 2 is such an isomorphism. The map is certainly 
K-linear. It is also injective: if exp 2 = 1, then 2(V) ~ ker tr c K, where the 
last containment is proper. Because 2(V) is a K-subspace, this forces 
2(V) =0. Since I~1 = I VI =11~1, we have an isomorphism. In particular, 
any character on V has the form exp 2(0)=~tr,,l(v), for some 2•  V ~. 
LEMMA 2. Let n • ~. Then 
X.(o)= lVl' .=l ,  
[0, n:~l .  v E 1-" 
Proof. The first case is clear. If ~ ~ 1, there exists Vo • V with n(%) :~ 1. 
We then reindex the summation 
X .(v)= .(Vo+V)=.(Vo) .(v). 
Pc V t,c V vC P" 
Since n(Vo):~ 1, the sum must vanish. I 
COROLLARY 3. Fix 2 • V ~ and v • V. Then 
U,~(v, = , f ly I , 2(v) : 0, 
Y" lo, t icK 
Proof. Apply Lemma 2 to n(v)--~ tr)(') restricted to the span ofv. | 
Finally, recall that the characters of V, regarded as functions from V to 
C, are linearly independent over C. 
Proof of Theorem 1. Only the "if" portion remains to be proved. We 
will produce a monomial transformation T: K" ~ K" which extends f, i.e., 
T(x) =f(x) ,  for all x • C~. This T will provide the equivalence between C~ 
and C2. 
Let V be a k-dimensional vector space over K. Since C,, Cz are 
isomorphic via a weight-preserving isomorphism, there are linear 
embeddings 2 = (21 ..... 2,): V~ K" and p = (/lj .... ,/t,,): V~ K" such that 
2(V) = C~, p (V)= C2, and fo2=/z .  The individual 2i,/z j are elements of 
V ~. Weight preservation means 
I{i: ).i(v):/: 0} I =l{j:/~j(v)=/=O}l, 
for all v • V. 
Following I-6, p. 192J, Corollary 3 allows us to write this condition as 
E ~tra). i(v)~ ~, Z ~trbtg(v)' 
i~1 aeK j~ l  bcK  
veK 
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But this is an equation of characters on V: 
E expa2,=~ E expbitj. (1) 
i= l  a~K j= l  bEK 
By subtracting n times the constant function 1 on V from both sides of 
Eq. (1) (i.e., the terms with a = b = 0), we may assume that the scalars a, b 
are now nonzero elements of K, i.e., a, b e K x : 
2 expa2 i= ~ ~ expblt/. (2) 
i= I  a~K × j= l  b~K × 
Since the characters of V are linearly independent, the characters on the 
left side of Eq. (2) must match up with those on the right side. To be more 
precise, let j=  1, b = 1 on the right side. There must exist a=r  t e K ×, 
i=a(1) ,  so that exp i t~=expr~2~.  By the V ~I  7 isomorphism, 
It~ = r~ 2o11~. Other values of b are easy to deal with: exp bit~= exp brl 2~xj. 
Since r~ ~ 0, we have 
exp bit i = )-'. exp a2~l, ). 
b~K × aEK x 
Subtracting this equation from Eq. (2) then allows us to reduce the size of 
the outer summations. Proceeding by induction we obtain a permutation o-
and nonzero scalars rl ..... r,, in K such that Iti=ri2,~i). This defines the 
desired monomial transformation. |
As an application, we give another proof of a theorem of Bonisoli 
characterizing constant weight linear codes ([ 2]; there is another character- 
theoretic proof in [6]).  
THEOP, EM 4. Let C be a l#war code of length n over K in which all the 
nonzero words have the same weight and t7o coordinate is O for all codewords. 
Then C is equivalent to a replicated Hamming code dual 
Proof Any nonsingular linear transformation of C to itself will preserve 
weights. By Theorem 1, it is induced by a monomial transformation of the 
ambient space of C that leaves C invariant. Since any one nonzero linear 
functional can be carried to any other by a nonsingular linear transforma- 
tion, the coordinate functionals must yield all nonzero linear functionals on 
C up to scalar multiples. Moreover, the number of coordinate functionals 
proportional to a given one will be independent of the chosen one. Thus C 
is equivalent to an r-fold replication of a Hamming dual. | 
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Remark 5. The character-theoret ic echniques of this paper  generalize 
to l inear codes defined over finite, commutat ive,  self-injective rings with l, 
such as 7//n. These matters will be addressed in forthcoming work of the 
second author. 
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